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ON THE HAUSDORFF AND PACKING MEASURES OF SLICES 
OF DYNAMICALLY DEFINED SETS 

ARIEL RAPAPORT 

Abstract. Let 1 < m < n be integers, and let K C R" be a self-similar set 
satisfying the strong separation condition, and with dim K = s > m. We study 
the a.s. values of the s — m-dimensional Hausdorff and packing measures of 
K nV, where V is a typical n — m-dimensional affine subspace. For 0 < p < 5 
let Cp C [0,1] be the attractor of the IFS {/p,l,/p, 2 }, where /p,i(f) = p-t 
and /p, 2 (f) = p ■ t -f 1 — p for each t S M. We show that for certain numbers 
0 < a, b < i, for instance a = i and b = ^, if K = Ca x then typically we 
have W-^iKnV) = 0. 


1. Introduction 

Let 1 < TO < n be integers, and given 0 < t < n let "H* and V* be the t-dimensional 
Hausdorff and Packing measures respectively. Let s G (to, n) be a real number, 
and let K C M" be compact with 0 < < c». Denote by p the restriction of 

"H® to A, by G the set of all n — TO-dimensional linear subspaces of K", and by 
the natural measure on G. It is well known that dim/p(A D (a: -I- V)) = s — m and 
n (a; -I- U)) < 00 , for /i x {x,V) € K x G (see Theorem 10.11 in 

|M1| 1. It is also known that if s = dimp K then dimp(An(a;-|-U)) < max{0, s —to} 
for every V G G and A^-a.e. x € V-^ (see Lemma 5 in ini), where dimp stands for 
the packing dimension. In this paper K will denote certain self-similar or self-affine 
sets, in which cases it will be shown that more can be said about the p x ^c-typical 
values of n (a; -b V)) and n (a; -b V)). 

Assume first that A is a self-similar set which satisfies the strong separation con¬ 
dition (SSC). If TO = 1 and A is rotation-free, then from a result by Kempton 
(Theorem 6.1 in |K2| 1 it follows that A®“™(An {x + V)) > 0 for p x ^c-a-e- H), 

if and only if S L°°{dPY±fi) for ^c-a.e. V, where Py±is the orthogonal 

projection onto V-^. In Theorem [T] below the case of a general 1 < m < n and 
a general self-similar set A, satisfying the SSC, will be considered. A necessary 
and sufficient condition for A®”™ (A fl (a; -b U)) > 0 to holds for p x ^c-a.e. (a;, V) 
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will be given. In Corollary this condition is verified when m = 1, s > 2 and the 
rotation group of K is finite. Also given in Theorem [1] is a necessary and sufficient 
condition for fl (x + V)) = 0 to hold for fi x ^G-a.e. (x, V). 

Continuing to assume that AT is a self-similar set with the SSC, it will be shown 
in Theorem Hthat "P® “(AT n (x -I- F)) > 0 for /r x Cc-a.e. (x, V). Also given in 
TheoremlU is a sufficient condition for n (x -I- F)) = oo to hold for /r x 

a.e. (x, y). By using this condition, it is shown in Corollary that this is in fact 
the case when m = 1 and s > 2. This extends a result of Orponen (Theorem 1.1 in 
m), which deals with the case in which n = 2, s>m = l and K is rotation-free. 
Lastly we consider the case in which n = 2, m = 1 and AT is a certain self-affine 
set. For 0 < p < i let Cp C [0,1] be the attractor of the IFS {/p,i,/p, 2 }, where 
/p,i(i) = P ■ t and fp, 2 {t) = p ■ t + 1 — p foi each t £ R. It will be assumed that 
K = Ca X Cb, where 0 < a, 6 < ^ are such that a~^ and b~^ are Pisot numbers, 
is irrational, and dim//(C'a) -I- dimij(C'b) > 1. Under these conditions it is 
shown in |NPS| that there exists a dense Gs set, of 1-dimensional linear subspaces 
U C K.^, such that PvP and are singular. By using this fact, it will be proven 
in Theorem El below that fl (x -I- V)) = 0 for p x ^c-a.e. (x, U). This 

result demonstrates some kind of smallness of the slices AT fl (x -I- U), hence it 
may be seen as related to a conjecture made by Furstenberg (Conjecture 5 in 
|F2|f . In our setting this conjecture basically says that for ^c-a.e. V £ G we have 
dim//(Ar n (x -|- V)) < max{dim^f AT — 1, 0} for each x £ which demonstrates 
the smallness of the slices in another manner. 

The rest of this article is organized as follows: In section [5] the results are stated. 
In section |3] the results regarding self-similar sets are proven. In section |4] we prove 
the aforementioned theorem regarding self-affine sets. 

Acknowledgment. I would like to thank my adviser Michael Hochman, for sug¬ 
gesting to me problems studied in this paper, and for many helpful discussions. 

2. STATEMENT OF THE RESULTS 

2.1. Slices of self-similar sets. Let 0 < m < n be integers, let G be the Grass- 
mann manifold consisting of all n — m-dimensional linear subspaces of R", let 0{n) 
be the orthogonal group of M", and let be the Haar measure corresponding to 
0(n). Fix U £ G and for each Borel set E C G define 

(2.1) (G{E)=^o{9eOin)\gU £E}, 

then ^G is the unique rotation invariant Radon probability measure on G. For a 
linear subspace V of R" let Py be the orthogonal projection onto V, let V-^ be the 
orthogonal complement of V, and set 14 = x -|- U for each x £ R". 
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Let A be a finite and nonempty set. Let {(/?A}AeA be a self-similar IFS in R", 
with attractor K C R" and with dim// K = s > m. For each A S A there exist 
0 < rx < 1, hx G 0{n) and ax S R", such that <^x{x) = rx ■ hx{x) -I- ax for each 
X G R". We assume that {(/?a}agA satisfies the strong separation condition. Let 
H be the smallest closed sub-group of 0{n) which contains {hx}x^A, and let ^// 
be the Haar measure corresponding to H. For each E C R" set p(i?) = ; 

then p is a Radon probability measure which is supported on K. 


For each 0 < s < oo, a Radon probability measure on R”, and x G R" set 

(2.2) Q*’^{v,x) = limsup and Ql{v,x) = liminf 

£^.0 (2e)® £ 4.0 (2e)® 

where B{x,e) is the closed ball in R" with center x and radios e. It holds that 
0*®(iA, •) and 0®(iA, •) are Borel functions (see remark 2.10 in [Mlp . For V G G 
define 


Fv{x,h) = Q'T{P{hV)^i^.P{hV)^ix)) for {x,h) G K x H, 
then Fv is a Borel function from K x H to [0,oo]. In what follows the collection 
{Fv}v&G will be of great importance for us. 

Let V be the set of all F G G with 


^h{H \{hGH <C n”^}) = 0 . 

In Lemma [5] below it will be shown that ^g{G \ V) = 0. First we state our results 
regarding the Hausdorff measure of typical slices of K. 


Theorem 1. (i) GivenV G V, if < oo thenH^^ ^{Kri{x+hV)) > 0 

for fj, X {x, h) G K x H. 

(ii) Given V G V, if ||IA^|lL“(/ixCK) ~ fl (a; -I- hV)) = 0 for 

fj, X ^//-a.e. {x, h) G K X H. 

(iii) W~'^{Kr\Vx) > 0 for fj.x^a-a-e. {,x,V) G KxGifandonlyif\\Fv\\j^^^^^^^) < 
oo for f^Q-a.e. V G G. 

(iv) %’^-'^{KC\Va;) = 0 for fix^a-a-e- ix,V) G KxGifandonlyif\\Fv\\^^(^^^^^^ = 
oo for ^G-a.e. V G G. 


From Theorem [T] we can derive the following corollaries. 

Corollary 2. Assume m = 1, s > 2 and \H\ < oo, then n 14) > 0 for 

fj, X f^G-o-e. (x, V) G K X G. 

Corollary 3. Assume that H = 0{n) and 

p X ^G{(a;, V)gKxG : n Vo,) > 0} > 0, 
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then there exists 0 < M < oo such that for each V G G we have M ^ with 






< M. 


Remark. It is known that under the assumptions of Corollary[3]we have dim(Pyj_/i) = 
TO for each V € G (see Theorem 1.6 in |HS] h It is not known however if Py^tx <C 
"H"* for each V € G, which is in fact a major open problem. Hence Corollary [3] 
implies that determining whether 


X iG{{x,V) & KxG : TP 
is probably quite hard. 


\K^V^) > 0 } > 0 


Next we state our results regarding the packing measure of typical slices. 


Theorem 4. (i) '^{K fl 14) > 0 for ^ x ^c-a.e. {x, V) G K x G. 


1 

Fv 


(ii) Given V G V, if 
fi X fjj-a.e. {x, h) G K X P{. 
(Hi) If 


L°°(fJ.X^H) 


= oo then 


1 

Fv 


= OO for ^G-a.e. V G G, then V 

L°°(hx^h) 
fl X fc-o-e. (x, V) G K X G. 


{K n (x + hV)) 

{K n 14) 


oo for 
oo for 


From Theorem m the following corollary can be derived. 

Corollary 5. Assume to = 1 and s > 2, then n 14) = oo for fi x fc-a.e. 

{x,V) gKxG. 

Remark. In the proofs of Corollaries H] and [SJ we use the fact that if to = 1 and 

s > 2 then is a continuous function for ^G-a.e. V G G (see Lemma 3.2 in 

m and the discussion before it). It is not known whether this is still true if to > 1 
or TO < s < 2, hence we need the assumptions to = 1 and s > 2. 

2.2. Slices of self-afRne sets. Assume n = 2 and to = 1. Given 0 < p < ^ define 
/p.i,/p .2 : M ^ R by 

fp,iix) = p ■ X and fp, 2 {x) = p • x \ — p for each x S K, 

let Cp C [0,1] be the attractor of the IFS {/p,i,/p, 2 }, set dp = dimjj Cp (so that 

= iogp-i )> for each A C K set pp{E) = . 

Theorem 6. Let 0<a<6<b be such that - and \ are Pisot numbers, is 
irrational and da+db > 1, then H'^“+'^*'“^((C'a x Cb)C\Vfx^y)) = 0 for pa x pbXf,G-o..e. 
{x,y,V) G Ga X Cb X G. 

Remark. Recall that every integer greater than 1 is a Pisot number, hence Theorem 
[6] applies for instance in the case a = j and b = ^. 

Remark. Note that 0 < x Cb) < oo, see Lemma [T51 below. 
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3. Proof of the results on self similar sets 


3.1. Preliminaries. The following notations will be used in the proofs of theorems 
[T]and|ll For each X G A set p\ = r^. Then p is the unique self-similar probability 
measure corresponding to the IFS {^jaIaeA and the probability vector i.e. 

fj, satisfies the relation fi = X^aeaP-^ ‘ ° Given a word Xi ■ ■ Xi = w G A* 

we write = px^ ■ ...-pxi, = tai • -ta, , ft.™ = ftAi • ■■■■hxi, Pw = o...oipxi 

and Kyj = (puj{K). For each I > 1 and x G K, let wi{x) G be the unique word 
of length I which satisfies x G (j.). Set also 

(3.1) p = miii{d{ipxiiK),ipx2iK)) : Ai, A2 G A and Ai 7^ A2}, 


then p > 0 since {(PaIagA satisfies the strong separation condition. Given Vi, V 2 £ G 
set dc{Vi,V 2 ) = \\Pvi ~ftV 2 ll (where H-H stands for operator norm), then do is a 
metric on G. 


The following dynamical system will be used in the proofs of theorems [T] and HI Set 
X = K X H and for each {x,h) G X let T{x,h) = ^wi(x) ’ ^)' easy 

to check that the system (X,p x ^h,T) is measure preserving, and from corollary 
4.5 in [P] it follows that it is ergodic. Also, for ft > 1 and {x, ft) G AT it is easy to 
verify that T>^{x, ft) = Kl{x) ' ^)- 


Let TZ be the Borel cr-algebra of K". For each V G G set TZv = Pyli'P-)', and let 
{/.ty,a:}xGR" b® the disintegration of p with respect to TZy (see section 3 of |FH| ~). 
For p-a.e. x G K” the probability measure pv,x is defined and supported on AT n 14. 
Also, for each / G L^{p) the map that takes x G K" to / f dpv,x is -measurable, 
the formula 




f{y) dpvAv) dp{x) 


is satisfied, and for /i-a.e. x G V-^ we have 


/ / dpv.x = lim 

J «lo 


Pv±p{B{x,e)) 


f dp. 


p-l{B{x,e)) 


For more details on the measures {pv,x}x^vx see section 3 of |FH| and the references 
therein. 


3.2. Auxiliary lemmas. We shall now prove some lemmas that will be needed 
later on. The following lemma will be used with in place of ry, when is 
considered as a measure on 0{n) (which is supported on PI). 

Lemma 7. Let Q be a compact metric group, and let v be its normalized Haar 
measure. Let rj be a Borel probability measure on Q, then for each Borel set E C Q 

uiE)= f r,{E ■ q-^) duiq) . 

Jq 
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Proof: For each Borel set E C Q define C{E) = /q ??(£' ■ q dv{ci). Since v is 
invariant it follows that for each g G Q 

C{Eg) = f v{E-g- q~^) dv{q) = f g{E ■ g ■ {q ■ g)-^) dv{q) = ({E) . 

JQ JQ 

This shows that C is a right-invariant Borel Probability measure on Q, hence v = C, 
by the uniqueness of the Haar measure, and the lemma follows. □ 

Lemma 8. Let V be the set of all V G G with 

fniH \{hGH : P^hv)rfi < H™}) = 0, 

then ^g{G \ V) = 0. 

Proof of Lemma\^ Set L = G\{V G G : Pyrg, ^ "H"*}. Since s > to it follows 
that Im{g) < oo (where Im{g) is the m-energy of /i), hence from theorem 9.7 and 
equality (3.10) in |M1| we get that £,g{L) = 0. Let 17 S G be as in (12.11) and set 
L' = {g G 0{n) : gU G L}, then io{L') = ^g{L) = 0. Let B C 0{n) be a Borel 
set with L' C B and fo{B) = 0, then from Lemma [3 it follows that 

0 = ^o(S)= I ^HiB-g-^)dfo{g)- 

From this we get that for ,Jo-a.e. g G 0(n) 


0 = ^ff(B ■ g~^) > ^h{L' ■ g~^) = ^H{h G H : hg G L'} = 

= ^HiH\{hGE[ : P(?tg(7)-LM <> 

and so 

fH{H\{hGH : P^hV)^^i < 7^™}) = 0 for Cc-a.e. VgG, 
which proves the lemma. □ 

Lemma 9. Let Z be the set of all {x,V) G K x G such that gv,x is defined and 

frr \ T L{Ew r\ Py±{B{PvrX, e))) ^ A* 

g-v,x{Kyj) = hm---—--- for each w G A , 

40 Pyrg{B{PyxX,e)) 

then for each V G G we have 

L X ^hUx, h) G X : (x, hV) ^ Z} = 0 . 


Proof: Fix 17 G G. It holds that Z is a Borel set, see section 3 of |M2| for a related 
argument. It follows that the set 

Zy = {{x,h) G X : {x,hV) G Z} 

is also a Borel set. From the properties stated in section l3T] we get that 
g.{x G K : {x,h) ^ Zy} = 0 for each h G H, 


6 



and so /i X ^h{X \Zv) = Q by Fubini’s theorem. This proves the lemma. □ 

Lemma 10. Given a compact set K C K" and 0 < t < n, the map that takes 
{x,V) G K X G to TL^iK fl 14) is Borel measurable. 

Proof: For d > 0 let T-Lg be as defined in section 4.3 of |M1| . Let ix,V) € K xG, e > 
0 and {(a;fc, C KxG,he such that (xk, V^) A (x, V). Let IFi, 114, C K" 

be open sets with K C\Vx <Z 

OO 

'^{diam{Wj)f < PsiX n K) + e 

j=i 

and diamfWj) < 6 for each j > 1. Since K is compact and since {xk, V^) —>■ (a:, V), 
it follows that K n l4), C U^j^lFj for each fc > 1 which is large enough, and so for 
each such k 

OO 

nliK n VX) < ^(d*am(114))‘ < nliK n F,) + e. 

i=i 

It follows that the function that maps (x, F) to P\{Kr\Vx) is upper semi-continuous, 
and so Borel measurable. Now since = lim the lemma follows. □ 

fe-s-oo 

Lemma 11. Given 0 < t < n and a Radon probability measure v on K x G, the 
map that takes {x,V) € K x G to T’*{K n 14) is v-measurable (i.e. this map is 
universally measurable). 

Proof: Let a > 0 and set E = {(x, V) G K x G : T’*{K n Vx) < a}, then in order 
to prove the lemma it suffice to show that E is ^^-measurable. 

Set Y = {G C K : C is compact}, endow Y with the Hausdorff metric, and let Q 
be the a-algebra of Y which is generated by its analytic subsets. Set 

£ = {G gY : V\G) <a}, 

then from Theorem 4.2 in |MM| it follows that £ G G, and so from Theorem 21.10 
in m we get that £ is universally measurable. 

For each (x, F) G KxG set ip{x, V) = KCiVx, it will now be shown that ip : KxG ^ 
F is a Borel function. For each y G K the function that maps {x,V) G K x G to 
d{Kr\Vx,y) is lower semi-continuous, and hence a Borel function. For each Z > 1 let 
Si C K he finite and l“^-spanning, and set 'ifi{x, V) = {y G Si : d{Kr\Vx, y) < 
for each {x,V) G K x G. It holds that ipi : K x G ^ Y is a. Borel function and 
f’l ^ Ip pointwise, hence -0 is a Borel function. Note also that E = 'ip~^(£). 

Since £ is universally measurable it is z/ o '0“^-measurable, and so there exist A 
and C, Borel subsets of F, such that A C £ G C and v o 'ip~^{C\A) = h. It holds 
that ip~^{A) and 'tp~^{C) are Borel subsets ot K x G, ip~^{A) C E C ip~^{C) and 
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^(C) \ ip ^(.4)) = 0. This shows that E is (/-measurable, and the lemma is 
proved. □ 


Lemma 12. For {x,h,V) £ K x H x G set ip{x, h, V) = {x, hV) and let B £ K xG 
he universally measurable. Assume that for f^Q-a.e. V £ G it holds for 
h £ H that 

/ijx £ K : ipix, h, V) £ B} = 0 , 

then fj. X ^g{B) = 0. 

Proof: Since B is universally measurable there exist Borel sets A,G C K x G with 
A £ B C G and p. x x \ 4)) = 0. From the assumption on B and 

from Fubini’s theorem it follows that 


M X X '?g('0 ^(C)) = m X X faif’ ^(4)) = 

= J J IJ'ix ■■ {x,h,V) £iIj~^{A)} d^nih) dfaiV) < 

< 11 l^{x ■■ ix,h,V) £ fj-\B)} dfnih) dfciV) = 0 


Now from Fubini’s theorem, from the definition of fc given in (12.11) . and from 
Lemma [3 it follows that 


0 = X X Cg(V’-'(C)) 


11 fH{h : {x,h,V)£f;-\C)}d^G{V)dfiix) 



which completes the proof of the lemma. □ 

3.3. Proofs of Theorems [1] and Fix P S V for the remainder of this section, 
set F = Fy, and for each h £ H set = hV and Ph = P(yh^^. Set 


Q = {{x, h) £ X : F{x, h) ^ Q*^{Phyi, Ph{x)) or F{x, h) = oo or F{x, h) = 0} 


where 0*"* is as defined in (12.21) . then Q is a Borel set. From theorem 2.12 in |M1| 
it follows that 

n{x G K : {x,h) G Q} = 0 for each h G H with Ph^J, 
hence since F G V we have 

(3.2) [ ^J'{x : (x,h) G Q} d^nih) = 0 . 

JH 


Let D be the set of all (x, h) G X such that Ph^i is defined, 

^ ^ i~» I r'u i: I I I 

for each w G A*, 




and 


£lo Phn{B{PhX,e)) 


n ^ ipf 1 - Phd'{B{Ph{x),e)) 

0 < -t (x, h) = hm-; — - < oo . 

^ ^ elo ( 2 e)'" 


From the choice of V, from LemmalHland from (I3.2F it follows that /i x ^h{X\D) = 
0. Set Dq = ^ Ch{X \ Dq) = 0 since T is measure preserving. 

The following lemma will be used several times below. 


Lemma 13. Given k >1 and (x, h) G Dq, we have 

dv^AKn,,ix)) = {Fix, h))-^ ■ ■ FiT’^ix, h)) . 


Proof: Set u = Wk{x), then 


^ r KKunP-\BiP,,x,e))) 
fivh,x{Ku) = hm- 


to PhfJ,{B{PhX,e)) 

{2er ti{KunP^\B{PhX,e))) 


= lim 


to PhniB{PhX,e)) 


= {F{x,h)) -lim 
€4-0 


(2e)'" 

-1 , ^i{KunP^\B{PhX,e))) 


{2ey 


For each e > 0 set = P _i then since 


Pi;\B{PhX, e)) = x + V'^ + 5(0, e) = 


= ^ui^p-yx) +V’^^’^ + 5(0, e • r-y) = (^„(5,), 


it follows that 


. 7 . N /T 71 /' r piPuiK n Ey) 

= iF{x, h)) ■ hm 


eto (2e)™ 

= {F{x, h))~^ ■ lim —^ ^ • /r(v?“^(v?„(l^ n 5,))) . 
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Given w € \ {u} we have ipu{K) n (pw{K) = 0, so {(pu{K)) Ci K = and so 


= iF{x,h)) = (^F{x,h)) ^ 

= {F{x, h))~^ ■ • F{ip-^{x), h-^h) = {F{x, h))~^ ■ 

which proves the lemma. □ 


■<~’"-lim = 

^io{2fru)'^ 

r^-m .F(T\x,h)), 


Proof of theorem\^ part (i): Assume that V is such that IIA'||^oo(^x^h) ^ 

M = , E = {{x,h) : F{x,h) < M} and E, = Do n (n“oT-^(A)), 

then fj, X \ El) = 0. For ^//-a.e. h G F[ we have 

p{x € K : {x,h) ^ El} = 0, 


fix such ho & FI. For each I > 1 set 

Ai = {x € K : (x, ho) G Ei and F{x, ho) > l~^}, 


and fix /q ^ 1- Set k = min{rA : A G A}, it will now be shown that 


(3.3) 0*® '^{fiyho^^,x) < (2pK)™ "^loM for each x G Ai^, 

where p is as defined in dsn. Let x G Aig and let Kp > S > 0. Let fc > 1 be 
such that | > ^'iufc+i(x)i ^-nd set u = Wk{x). From Lemma [T51 and from 

T'^{x, ho) € E we get that 

Pv^oAKu) = (F(X, ho))-^ ■ • F{T\x, ho)) < lo • ■ M , 

and so 


hvf-o,x{B{x,S)) ^ pyho AE{x,p- r.ujk{x))) ^ 

(2(5)— - (2pT^,^,(,))— - 

^ hyi'o.xjKu) ^ lor^-^M 
~ {2pK ■ ru)^~"^ ~ {2pK ■ ru)‘^~'^ 

which proves (13.31) . 

It holds that 

{x G AT : (x, ho) G Ei} = 


{2pK)^-^loM, 


hence 

0 = p{K \ yJffiAi) = J pyha AK \ U^i^i) dp{x), 

and so for p-a.e. x G AT there exist > 1 with fJ-yho= hv’^o,xAix) > 0- 
Fix such xo G AT and let y G Ai^^ n V^i then from (I3.3|l we get that 


Q*‘-^{hv'^o,xo,y) = Q*^-^Ay>.o,y,y) < {2pn)^-^l,,M, 
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and so from Theorem 6.9 in |M1| it follows that 

n n > 

> 2-(^—)(2p «)^—^ K°) > 0- 

This proves that if ll-Fy ||j;^oo(^xCj^) ^ ^//-a.e. h G H we have 

-HS-m^K n (a; + hV)) > 0 for p-a.e. x G K, 
and so (i) follows from Lemma [TUI and Fubini’s theorem. 

Proof of part (ii): Assume that V is such that ||.P|1 lc=o(^x5h) “ 

M X ^h{{x, h) : F{x, h) > M} > 0 for each 0 < M < oo . 

For each integer M > 1 set 

Em = {(a;, h)GX : Fix, h) > M} and FIq.m = ^n=i ^T=n T-^{Em), 

then fi X ^h{Em) > 0, and so p. x fniX \ Eq^m) = 0 since p x is ergodic (see 
Theorem 1.5 in (W]). Set E = Dq Ci then p x ^niX \E) = 0. For 

^//-a.e. h G H \t holds that p{x G K : ix,h) ^ E} = 0, fix such Hq G H and set 

A= {x G K : (x, ho) G E} . 

Note that since (x,ho) G Dq for some x G K,\t follows that PhoP ^ ’H"*. It will 
now be shown that 

(3.4) 0*®“'"(/iyho,a;,a;) = oo for each x G A . 

Let X G A, M > 1 and A^ > 1 be given, then there exists k > N with T^{x, ho) G 
Do n Em, and so F(T^(a;, ho)) > M. Set u = Wkix) and /3 = (F(x, ho))~^, then 
from Lemma [13] 

hv-oJK,,) = p ■ • FiT\x,ho)) > /3 • rr™ • M . 

Set d = sup{|?/i - 2 / 2 ! : yi, 2/2 £ K}, then 

PyhQ 2 ; {Ei^, d * r,jQ^(x))) ^ hv^o ,x(.Eu) ^ Id ‘ X • A1 Ahjd 
(2d-r„,(,,))'*-"^ - (2d-r„)*-™ “ (2d • r„)'‘-™ “ (2d)'*-™ ' 

Since lim ry,^(^x) = 0 we get that Q*^~'^{pyho ^,x) > , and so (13.41) follows 

fc—^CO ’ ^ ' 

since M can be chosen arbitrarily large. 

Let X G A and y G A f] Vjl °, then from (13.41) we get 

Q*^-^ipy.y,,y) = e*^-^ipy.yy,y) = 00 . 
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Now from Theorem 6.9 in [Ml] it follows that for each M >1 

< M-^ ■ < M-\ 

and so W-^{A n V^°) = 0 since M can be chosen arbitrarily large. Also, from 
^{K \ A) = 0 and Theorem 7.7 in |M1| we get that 



n^-^{{K \ A) n v^o) dn^{y) < 


< const A) 


const ■ y,{K \ A) = 0 . 


This shows that W-'^{{K \ A) n V^°) = 0 for 'H'"-a.e. y G and so 

\ A) n V^°) = 0 for ^-a.e. x € K since Phoy- ■ It follows that for 

/r-a.e. a; G A (and so for /a-a.e. x G K) we have 

n v^°) = H""™(A n v^o) + \ A) n = o. 

From this, Lemma (flUl) and Fubini’s theorem, it follows that n Vjt) = 0 

for /i X ^//-a.e. (a;, h) G K x H, which proves (ii). 


Proof of part (in): Assume that ||FV||oc < oo for ^c-a.e. V G G. From Lemma[8] 
and part (i), it follows that for ^c-a.e. 17 G G it holds for ^//-a.e. h G H that 

n (a; + hV)) > 0 for p-a.e. x G K . 


Set 

B = {{x, V)gKxG : n^-^{K n 14) = 0}, 
then from Lemma [TU] we get that S is a Borel set (hence universally measurable), 
and so /i X ^g(I?) = 0 by Lemma [121 

For the other direction, set W = {V G G : ||FV||j^ = oo} and assume that 

Cg(W) > 0. From part (ii) it follows that for ^c-a.e. 17 G W we have 

W~^{K n (a; + hV)) =0 for p x ^//-a.e. {x, h) G X, 
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and so from Lemma [7] 


0 < Cg(W) < y M X {(x, h) : n (x + hV)) = 0} d^G{V) = 

= J J ^H{h : n^-'^iKn{x + hgU)) = 0}d^o{g)dii{x) = 

= 11 iH{{h : n^-^{Knix + hU))=0}-g-^)d^o{9)dgix) = 

= j io{9 ■ W-^{KfM^x + 9U))=Q]dg{x) = 

= J ^g{V ; n^-^{KnV^)=0}dgix) = 

= /X X eG{(^, : n^-^iK n K) = 0}, 

which completes the proof of (in). 

Part (iv) can be proven in a similar manner, and so the proof of Theorem [T] is 
complete. □ 


Proof of theorem^ part (i): Let M > 0 be so large such that for 
E = {(x, h) € X : F{x, h) < M} 

we have p x £,h{E) > 0. Set Eq = T~^{E), then p x £,h{X \ Eq) = 0 

since p x is ergodic. Set Ei = Eq <1 Dq, then fi x fniX \ Ei) = 0. For ^/f-a.e. 
h Ed it holds that /i{x & K : (x, /i) ^ Fii} = 0, fix such G H. For each I > 1 
set 

Ai = {x € K : (x, ho) G Ei and F(x, /ip) > l~^}, 
and fix /p ^ 1- It will now be shown that 

(3.5) 0J“’"(pyho ,j,, x) < {2p)"^~^IqM for each x G Ai^ . 

Let X G Aig and let > 1 be given, then since (x,/ip) G Ei it follows that there 
exist k > N with T’^{x, ho) G E Ci Dp, and so F{T^{x, ho)) < M. Set u = Wfe(x), 
then from Lemma [T51 we have 

Pv'^oAK^) = {F{x, ho))-^ ■ ■ F{T\x, ho)) < lor^-^M , 

from which it follows that 

This proves (13.51) since tends to 0 as fc tends to oo. 


As in the proof of part (i) of Theorem[Tl from fi(K \ = 0 it follows that 

for p-a.e. x G K there exists lx > I with /iyho,a;(^L ^ ^x°) > 0- Fix such an xp 
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and let y G n , then from (13.51) we get 

and so from Theorem 6.11 in |M1| it follows that 

V^-^iKnV,\^) > > 0. 

Since ^ciG \ V) = 0, this shows that for ^Q-a,.e. F G G it holds for ^^-a.e. h € H 
that (H (x + hV)) > 0 for /r-a.e. x £ K. Set 

B = {{x, V)eKxG : n = 0}, 

then from Lemma m we get that B is universally measurable, and so the claim 
stated in (i) follows from Lemma [T^ 


Proof of part (ii): Assume V is such that || y ||^oo(^x{ ) “ then 

p X fnlix, h) : F{x, h) < M~^} > 0 for each 0 < M < oo . 

For each integer M > 1 set 

Em = {(x, h) : Fix, h) < M"!} and Aq.m = Pn=i ^%n T-^Em), 

then since pxf^H is ergodic and PX^h{Em) > 0 it follows that /ix^jj(A\A o,m) = 0. 
Set A = Ilon(n^^;^Ao,M), then/rx^fl'(X\A) = 0. For ^//-a.e. h G iL it holds that 
p{x € K : ix,h) ^ E} = 0, fix such ho € H and set A = {x G iL : (x, ho) G E)}. 
It will now be shown that 


(3.6) 0® "*(^yfeo,a;)a^) = 0 for each X G A . 

Let X G A, M > 1 and A^ > 1 be given, then there exists k > N with T^(x, ho) G 
Do n Em, and so F{T'^{x, ho)) < M~^. Set u = w/c(x), then from Lemma IT^ 

Pv-o,yKu) = {Fix, ho))-' • rr™ ■ FiT^x, ho)) < (Fix, ho))”' ■ , 


from which it follows that 

Py^o^ xi.Eix, p • r,j,^(^x))) ^ ^ 

(2pT„,(,))^— - (2p-r„)«-™ - 

^ (F-(x, ho))-'■ rr"-■ M-i 

{2p-ru)^-"^ 

This shows that 


(2p)™-*.(F(x,ho))-'-M-i. 


0r’”(hy'.o,.,cr) < (2p)^ 


(F(x,ho))-'-M-i, 
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and so (13.61) holds since M can be chosen arbitrarily large. 

We have 

0 = ^i{K \A) = J \ A) dn{x), 

hence fiyho^^{AnVj^°) > 0 for /r-a.e. x € K. Fix such xq & K and let y £ Ar\V^°, 
then from (13.61) we get 


©r^W'.o = 0 . 

Now from Theorem 6.11 in |M1| it follows that for each e > 0 

(X n > r^-^{A n n 

which shows that (~l = oo since e can be chosen arbitrarily small and 


> 0 - 

This proves that if 


= oo, then for h £ H we have (H 

L°°(y,X^H) 

{x + hV)) = OO for y-a.e. x £ K, and so (ii) follows from Lemma (fTTl) and Fubini’s 
theorem. 


Proof of part (in): Assume that 


1 

Fv 


= OO for ^fj-a.e. V £ G, then from 
Lemma[S]and part (ii) it follows that for ^c-a.e. V £ G it holds for fn-s^-e. h £ H 
that 'P®“"*(Ar n (a; + hV)) = oo for y-a.e. x £ K. Set 


B = {(x, V)£KxG : n V^) < oo} , 

then from Lemma M we get that B is universally measurable, and so the claim 
stated in (Hi) follows from Lemma IT^ This completes the proof of Theorem |4l □ 


3.4. Proofs of Corollaries [3] and The following lemma will be used in 
the proofs of Corollaries [2] and [5l For its proof see Lemma 3.2 in m and the 
discussion before it. 


Lemma 14. Assume m = 1 and s > 2, then Pyry, <C TP^ and has a 

continuous version for ^g-a.e. V £ G. 


Proof of corollary [2j' Assuming to = 1, s > 2 and |iL| < oo, it will be shown that 
\\Fvh ^ Cc-a.e. V £ G. From this and from part (Hi) of Theorem 

[T] the corollary will follow. Set 

E = {V £ G : Pyry ^ and is continuous}, 
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then from Lemma [HI we get ^c{G\E) = 0. From this and from Lemma 0 it now 
follows that 

0 = eG(G\F;)=Co{ffeO(n) : gUiE} = 

= I ^H{h : hgU ^ E} d^oig) = j ^Hih : hV i E} diciy), 

and so : hV ^ E} = 0 for ^c-a.e. V. We fix such a.V & G. Since \H\ < oo, 

for each h G H we have ^H{h} > 0, and so hV G E. 

For each h G H and y G {hV)-^ set Qh{y) = QT{P(hV)-^dTy)^ ho G H, and 
set W = {hoV)^. Since 'H^{B{y,r) fl W) = (2e)™ for each y G W and 0 < 
e < oo, it follows from Theorem 2.12 in |M1| that Qhoiv) = for "H™- 

a.e. y G W, i.e. the function Q/^g equals a continuous function as members of 
L^{W,'ME'). Also, since g is supported on a compact set it follows that the set 
{y G W : Qhoiu) 7^ 0} is bounded, so Qho equals a continuous function with 
compact support in which shows that HQ^ow™) ^ o®- Since 

Pwg < "H"* it follows that ||Q/io IIl~(p„,m) ^ 

Now set M = max{||Qft|l 2 ,°o(p ■ h G Ed}, then M < oo since |iL| < oo. Also, 

we have 

^ P{hv)^h{y e (hV)^ : \Qh{y)\ > M} = 

' ' hGH 

= 55 ^ ■ \Qh{P(hV)^{x))\ > M} = 

' ' hGH 

= 55 ^ ^ > ^} = 

' ' hGH 

= J g{x G K : \Pvix, h)\ > M} d^H{h) = 

= g X ^h{{x, h) G K X H : \Pv{x, h)\ > M}, 
which shows that ||.FV|lioo(^x^K) < oo. This completes the proof of corollary 

m □ 

Proof of corollary [3l' Assume that H = 0(n) and 

g X eG{(^, V) : n K) > 0} > 0 . 

Let V GV, then since = Co we have 

g X h) : n (x + hV)) > 0} > 0 , 
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< oo. Set M = 


and so from part (ii) of theorem [T] it follows that ll-FV 
set 


E = {W &G : and 


dPw^ M 
d'H'^ 


<M}, 


and for each h G H set Ph = P(hv)^ ■ 

We shall first show that ^g{G \E) = Q. Since Pw^d- ^ for Cc-a.e. W G G 
(see the proof of lemma | 8 ]) , and since = Co , we have 


(3.7) ^GiG\E)=^GiG\{W gG : 

dPw-'- /r 


"1“ Cg{1^ G G ■ 7 ^ 14 /j-/i <C 77™ and 


dm 


= ^H{h : Ph^J- < 77™ and 
Let h G H he such that P^ijl ^ 77™ and 


dPhp, 


> M} = 


dPhfJ- 

dU"- 


L°°(PhG 


d'H'^ 

< M, then 


> M} . 


0 = Phd'iy S {hV)^ : 


i . dPhd- 


dm‘ 


(y) > M} = 


I 

J(h 


^ dPhy 


d77™ > 


>M-m^{yG[hVy : 


j_ , dPhU 


dm 


{y) > M}, 


which shows that 


dPhd- 

dn^ 


L°°(H” 


< M. From this and from (13.71) it follows that 


(3.8) Cg(G \ E) = Ch{/i : Phy « 77™ and 


dPhy 


dm‘ 


> M}. 


L°°{PhG 

From Theorem 2.12 in |Mlj we get that for each h G H with P/j/r <C 77” 


Fv{x,h) = ^^^(Phix)) for y-a.e. xGK, 


and so from (13.81) 


Cg(G \ E) < ^H{h : ||Fv(-, h)ll^^(^) >M} = 

= ^H{h : y{x : Fv(a:,/i) > > 0} = 0. 

Since Cg(W) > 0 for every non-empty open set W C G, it follows from ^g(G\E) = 0 
that E is dense in G, and so in order to prove the corollary it suffice to show that 
P is a closed subset of G. Let Wo G E, let y G Wf^ and let r G (0, 00 ). Given e > 0 
there exists IF S ill so close to Wo in G (with respect to the metric c7g defined in 
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section [SU, such that 


Pw\- r))nK C P^\ {B{Pw±y, r + ej). 

From this and since W & E \t follows that 

Pw^y{B{yp)) = y{Pw)-{B{y,r)) r\K) < 

< y{Pw^{B{Pw^y.r + e))) = P^^y{{B{Pw^y,r + e))) = 

= [ 

J B{Pyy±y,r+e}nW^ 

< M ■ n'^{B{Pw^y, r + e)n W^) = M • (2 • (r + e))™, 

and since this holds for each e > 0 we have 

Pw^^y{B{y,r) n VFo^) < M ■ (2rr = M ■ n^{B{y,r) n VFo^) . 

This holds for every y G and r G (0, oo), hence Wq G E hy Theorem 2.12 in 
iMa, which shows that E is closed in G and completes the proof of the corollary. 
□ 


Proof of corollary [^' Assuming m = 1 and s > 2, it will be shown that 
OO for 1^ G G. From this and part of Theorem|4]the corollary will follow. 


Set 


E = {V G G : Pyry <C TE^ and ^ ^ is continuous}, 

dri^ 


then as in the proof of corollary [3] it follows from Lemma [HI and Lemma [7] that 

0 = ^g{G \E) = j iH{h hV^E} d^ciV), 

and so fnih : hV ^ E} = 0 for ^g-a.e. V. Fix such V G G, let M > 0, set 


A = {hGH : hV G E}, 

and for each h G El and y G (hV)-^ set Qh{y) = QT{P{hV)-^yjy) and 
Lh = {y G {hV)^ : 0 < Qhiy) < M~^}. 

Fix liQ G A and set W = {hoV)-^. From Theorem 2.12 in |M1| it follows that 
Qhoiy) = '^du^ ^™"a-e. y G W, hence the function Q^a equals a continuous 

function in L^iW, EL^). Also, since /i is supported on a compact set, it follows that 
the set {y gW : Qhoiy) ^ 0} is bounded. From these two facts it easily follows 
that EL^iLho) > 0, and so PwyiLho) > 0 since Qho = and Qhq > 0 on Lho- 

From this we get that 

0 < yL{x G K : QhoiPwix)) < M~^} = yi{x G K : Eyix, ho) < M~^}, 
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and so by Fubini’s theorem 


[ ^i{x&K : Fv{x,h)<M d^nih) > 0. 
Fv(x,h) Ja 


It follows that 


1 

Fv 


L°°{ij.x^h) 


> M, and so 


1 

Fv 




= oo Since we can 


choose M as large as we want. This completes the proof of the corollary. □ 


4. Proof of Theorem [6] 

Set A = {1,2}. Given 0 < p < ^, define /p,i,/p ,2 : R —>■ R by fp,i{x) = p ■ x 
and fp, 2 {x) = p ■ X + 1 — p ioi each a: G R, let Cp C [0,1] be the attractor of the 
IFS {/p,i, /p, 2 }, set dp = dimij Cp (so that dp = ), and for each FI C R set 

Pp{E) = Let 0<a<5<^be such that L and ^ are Pisot numbers, 

is irrational, and da + df, > 1. Let I = [0,1) and let C be Lebesgue measure on 
I. Fix T G (0, c»), and for each t G / and z G R^ define IF* = {a;- (1, r-a*) : x G R}, 
= (IF*)-*- and V* = z . In order to prove Theorem [6] we shall first prove the 
following: 

Theorem 15. For pa x Pb x C-a.e. (x,y,t) € Ca x Cb x I it holds that 

X Cb) n = o. 

4.1. Preliminaries. Set a = (go a G I\Q), and for each t G I set R{t) = t+a 
mod 1. Given 0 < p < 1 and a word Ai - ...-A; = w G A*, write fp^w = fp^\^ °---°fp,\i 
and Cp^w = fp,w{Cp). For each n > 1 and x G Cp let Wp^n(x) G A” be the unique 
word of length n which satisfies x G Cp^^^ and let Sp{x) = 
also write Wpp(x) = 0 and Cpj = Cp. 

The following dynamical system will be used in the proof of Theorem 1151 The idea 
of using this system comes from the partition operator introduced in section 10 
of |HS| . Set K = Ca X Cb, X = K x I, p = pa x pb, f = p x C, and for each 
{x, y,t) G X define 

j {x,Sb{y),Rit)) ,iftG[0,1-a) 

T(x,y,t) = 

[{{Sa{x),Sb{y),R{t)) , else 

It is easy to check that the system {X, v, T) is measure preserving, and from Lemma 
2.2 in |B2| it follows that it is ergodic. 

Let TZ be the Borel u-algebra of R^. For each t G / let Ft be the orthogonal 
projection onto W*, and let {pt,z}zGR^ Le the disintegration of p with respect 
to Pf^{TZ) (see section IOI abovel. Also, for each {z,t) G X define F{z,t) = 
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4.2. Auxiliary lemmas. 

Lemma 16. It holds that Ii{p.) < oo, where /i(/i) is the 1-energy of fi. 

Proof: Set 6 = 1 — 2b, then for each (x, y) G and k >1 

y), 5 ■ a^)) < ix{{x — 6 ■ a: + (5 • a^) x {y — 5 ■ ,y 5 ■ af^)) < 

< yia{x - 5 ■ ,x + 5 ■ ■ yn,{y - 5 ■ ,y + 5 ■ < 2-^= . < 

< 2 ~^ ■ = 2 • “) *°Si 2 = 2 • 

This shows that there exists a constant M > 0 with ii{B{z,r)) < M ■ for 

each 2 G and r > 0. Since do + d& > 1, the lemma follows from the discussion 
found at the beginning of chapter 8 of |M1| . □ 

Lemma 17. Let ni,n 2 > 1, wi G A"i and W 2 G A"^. For each {x,y) G K set 
g{x,y) = {fa,wiix), fb,w 2 iy)), then for each Borel set B C K 

p(5(i?)) = 2-—^ • p(B) . 

Proof: We prove this by using the tt—A theorem (see |BT]). Let £ be the collection of 
all Borel sets B C K which satisfy fi{g{B)) = 2 “"i “"2 • fi{B), then f is a A-system. 
Set 

P = {Ca,u, X Cb,u2 ■ Ui,U2 G A*} U {0}, 

then 7^ is a 7r-system, V G £ and a{V) equals the collection of all Borel subsets of 
K. From the tt — A theorem it follows that criV) C £, hence £ equals the collection 
of all Borel subsets of K, and the lemma is proven. □ 

Lemma 18. It holds that 0 < (K) < oo, and n{E) = for each 

Borel set i? C . 


Proof: From Theorem 8.10 in |M1| it follows that F7'^“+'^'>(Ar) > 0, and by an 
elementary covering argument it can be shown that (AT) < oo. The rest of 

the lemma can be proven by using the tt — A theorem, as in the proof of Lemma 

[HI □ 

Lemma 19. Let 0 < M < oo and set Em = {{z,t) G X : F{z,t) > M}, then 
v{Em) > 0. 


Proof: Assume by contradiction that v{Em) = 0 and set 

L = {t £ I : y{z : {z,t) G Em} = 0} 
then C{I \L) = 0, and so L = I. Set 

dPty 


A= {t € I : Pty and 


dU^ 


<M}, 


L“CHi) 


20 








and let t & L. For Ptfi-a.e. z G W* we have Ql{Ptfj,,z) < M, hence from parts 
(2) and (3) of Theorem 2.12 in |M1| it follows that t G A. This shows that L C A, 
and so that A — I. By an argument similar to the one given at the end of the 
proof of Corollary [31 it can be shown that A is a closed subset of /, and so A = /. 
In particular it follows that PtfJ, TH} for each t G I, which is a contradiction to 
Theorem 4.1 in |NPS| . This shows that we must have v{Em) > 0, and the lemma 
is proven. □ 


4.3. Proofs of Theorems 1151 and |6l Proof of theorem [T51 ' Let D be the set of 
all (z,t) G X such that Ptfi <C pt.z is defined, 


,'h 


X Cb,w2) = lim 

e4,0 


AiCa,-u 


xCb,^,)nPAiBiPtZ,e))) 

PtAB{PtZ,e)) 


for each wi,W 2 G A*, and 


0<F(.,t)=limhAW£ll)i<„o, 

^ ^ eio 2 e 

From Lemma[T6]and from the same arguments as the ones given at the beginning of 
section 13751 it follows that i/(X \ D) = Q. Set Dq = riAoB~^D, then i/{X \ Dq) = 0 
since T is measure preserving. 

For 0 < Af < oo let Em be as in Lemma [T^ and set i?o,M = T~^{Em)- 

Since v{Em) > 0, it follows from the ergodicity of {X,v,T) that v{X \ Eq^m) = 0. 
Set Di = Dq r\ Am^iEq^m), then v{X \ Di) = 0. For C-a.e. t G I it holds that 
pjz G K : (z,t) ^ Hi} = 0, fix such to G I and set A = {z G K : {z,to) G Hi}. 
Note that from A 7 ^ 0 it follows that Hto/r <^TA ■ 

Set rj = da db — 1. It will now be shown that 


(4.1) z) = CO for each z G A . 

Let {x,y) = z G A and set /3 = {E{z,tQ))~^> then 0 < /3 < 00 since {z,to) G Dq. 
Let M > I and > 1 be given, then there exists k > N with T^{z,to) G DoCiEm, 
and so F{T'^{z,to)) > M. Set I = [to + ka], then 


(4.2) X Cb^Wk{y)) 

,wi{x) ^ Cb,Wk fa))nP,;^(H(p,„z,e))) 

™ PtoAB{PtoZ,e)) 

_ 2e AA-'a,wi{x) ^ P’b,Wk(y)) Pfo (BiPto^X))) _ 

e™ PtaAB{PtoZX)) 2e 

= /3 . lini (y))fiP,-\B{Pt,zA)) 

eio 2e 


21 










For each {x', y') G set g{x', y') = (/„ 

,Wi{x )Wlh ,'^k (y){y')), then 

(4.3) Ca ,wi{x) ^ ^h,Wk.{y) fa,wi{x){^^a) ^ fb,Wk (y){Cb) = g{Ca X Cb). 

Let e > 0, and let L : be a linear map with L(1,0) = (a*,0) and 

L(0,1) = (0, b^). Since L is the linear part of the afhne transformation g, we have 

(4.4) P,-\B{Pt,z, e)) = z + + B{0, e) = 

= go g-^iz) + Lo L-\V*o) +Lo L-^{B{0, e)) = 

= g{g-\z) + L-i(t/*'>) + L-\B{0, e))) . 

From a“* > a-*o-fca+i > ^ obtain 

(4.5) L-^{B{0,e)) D B{0,e-a-b-'^) . 

Also we have 


L-\V*°) = L-i((fF*“)-^) = L-i(((l,r • 0*“) • R)-^) = 

l/c 

= L~^((t ■ a*“, —1) ■ R) = (r • a*° ■ a~\ —b~^) • R = (t • a*” ■ —r, —1) ■ R, 

a‘ 

and so since 

bk 


_ — of^-ioSab—l — ^ka—[to+ka] 

’ 

it follows that 

(4.6) L-\V^°) = (r •a*“+'=“"[*“+'=“',-l) •R= ((1,r • • R)-^ = . 

Set 

= PR^{to)(^iPRHto)ifaXix)i^)Jb,luy)^y)^ 

then from (14.4L (14.51) and (14.61) it follows that 


P,-\B{P,„z, e)) = g{g-\z) + L-i(F‘«) + L-\B{Q, e))) D 

^ ^((y a^wi (x) (^)- 4:».to)(y)) + + ^(0^ = 9{Q.)- 

Now from (14.21) . (14.31) and Lemma [T71 we get that 


l^tQ^ziC X Cb^wi^{y)) 


g fJ-igijCa X Cb) n Qe)) 
eio 2e 


= p. 2-'-fe. 4 • lim M(ga xCfc) ng,) ^ 
b^ cto 2tab~^ 

> f - ^ ■ .P((/i.,.)(*).C.(„(!/)).«‘(io)) = 

= ^ . 2-'=-'=“ . 6-'= • F{T^{z, to)) > ^ ■ 2-'=-'=“ ■b-’^ -M . 
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Since 


X C B{z, and 2“'=-'=“ • 6“'= • 6“'='' = 1, 


it follows that 



(4a-i • &'=)'' “ (4a-i • b^)'^ ~ (4a-i ■ &'=)'' 



8 


8 


This shows that z) > • M, which proves (14.1|) since /3 > 0 and M can 

be chosen arbitrarily large. 

Let z & A and u G An V *°, then from 63) 


Q*'^{fJ-to,z,u) = Q*'^{fJ.to,u,u) = OO, 


and so from Theorem 6.9 in |M1| we get that W^{A n = 0. Also it holds that 
^{K \ A) = 0, hence from Theorem 7.7 in [Ml] and from Lemma [T51 we get that 



W{{K \ A) n dV}{u) < const ■ W+^{K \ A) = const ■ fi{K \ A) = 0. 


This shows that \ A) n 14‘«) = 0 for n^-a.e. u€W*°, and so W((K \ A) n 

V*°) = 0 for p-a.e. z G K since PtoM ^ It follows that for p-a.e. z G A, and 
so for p-a.e. z G K, 


W{K n v*°) = W{A n v*°) + W{{K \ A) n v*°) = o. 

From this, from LemmafTOl and from Fubini’s theorem it follows that 'MA{KnV*) 


0 for v-a..e. {z,t) G X, which completes the proof of Theorem [T5] □ 

Proof of Theorem 0 Let G be the set of all 1-dimensional linear subspaces of 


and set 


da+db — 1 


E = {{z,V) GK xG : n' 


{Knv,) = o}. 


For each —oo < ti < <2 < oo set 

Gti,t 2 = {V G G : V = {t, —1) • R with t G (ti,^ 2 )}- 

Given k Gh -we can apply theorem [T51 with r = a^, in order to get that {z, V) G E 
for fi X ^G-a.e. (z, V) G K X G^^k+i . By doing this for each fc G Z we get that 
{z,V) G E ioT fj, X ^G-a.e. [z,V) G K x Go,oo- Now Theorem 0 follows from the 
symmetry of K with respect to the map that takes {x, y) G K to — x, y). □ 
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